
 

1.3 Lie Superalgebras
Generators of the superconformal group
belong to Lie Super Algebra LSA

This is an algebra A with a 22 2 2

grading A As Aot Ai
Lek

such that An Ape Axes
Elements of Ao are called even those

of A odd

Define commutator
a b ab c ydegealdeges y

where a b e A and deg e Z

A Lie superalgebra is a superalgebra
G Go G with operation I satisfying

a b 1 degalldegb b ay
a b c a b c Cildegakdegblfb.la d

Jacobi identity
We have even x even even odd x odd even

it
odd x even odd even x odd odd



Construction
Let V Vo Vi be a Zz graded
vector space End V is endowed with

Z grading
associative

superalgebra
notation Enda eh elm n

where m dim Vo n dim Vi
e v l Vote v

G G
We can further decompose

ecu L tell t li
Yet e em emei semen be a

basis of K Vo Vi
a e la can be written as af

where x is mem matrix
8 is u x u

A is mxn

y is u x m



even elements have the form 188
odd elements have the form 19

et 18 and e t 18
oases

o o

even odd odd

11 100Sr Ko
even odd odd

11 11 1 1
odd odd even

We call li and li lo modules

form particular rep under lo

type I representation G G 0Gt
We can also have a type 2 rep where

G is irreducible i.e one cannot set
s ar f to zero and odd elements
are of the form g



Type 2 classification
G G G G G Rep on G

Blm n By t Cg vector x vector

D min Dutch
a g

vector x vector

DCI 1,2 A t A tA vector xvectorxvector

F 4 B A spinor x vector

G 3 G A spina vector

u An adjoint
convention Bin is Lie algebra of soul

Ca is Lie alg of Span
Type I classification
Go acts on G and Gas irreducible
representations which are contragradient
weights Gi weights Gi
G G G G G rep on G
Alm n AlultACultC vectaxvectaxC
A mim Amt Am vector x vector

n Curt C vector C



where c denotes the abelian algebra

of complex numbers
Matrix construction

Sl m n

men men matrices f 1
of zero supertrace str tra tr s

osp
m n

Define bi linear form F with

F x y 0 for x e Vo ye Vi
Flag Fly x for x y e Vo

Flay Fly x for x y e v
then for sea

osp min faeecm.nl F acx ig Ci1sdeqIgagy

Then one has
A min se mtl ntl men men o

A mim se mtl mtl I mao

B m n Osp Intl 2n m o n o

n Osp 2,24 n o

D Min osp 2min m 2 neo



Let's give an explicit description for
the case osp amel 2n

F
Em o

Hm 0 O

o o ed
at osp min is of the form
a b u x x

C at o

ut ut o

yet at zit d e

yt xt at f d

G is irreducible rep of G
For osp 2m 2n we get

F
o Em

Im o la
y

H O

a is of same form as above with
central row and column deleted



How do SCA's fit into this

classification
We are searching superalgebras whose
even part G contains conformal group
sold 2 G should be spinor rep

of G
Bem n and Dlm n have so subalg's

but in vector rep
F 4 has subalgebra B 5067

represented as spinor
Fca is superconformal algebra
R symmetry A 54121 5013

Now recall 5015 Spla Cs
spinor u'ector

Blm 2 and DCM 2 are

superconformal algebras in d 3 with

R symmetry socamti and soca



5016 5414
spinor vector

AG m is SCA in d 4 with
R symmetry Ant C i.e

Salut x Uci U mel

5018 admits triality
spina representation is equivalent
to vector representation

B4 n is superconformal algebra
in d 6 with R symmetry
Cn Spin

same trick does not work for solmwith m 8
No superconformal algebras in d o

Explicitly d 6

501511 spinors are pseudo real

Qin Ri rt Q's's

Six Rig rt Stir
diag ios it it



Crtc l É É El c

Reality properties
Q's Rig Cot si's
stir Ri Cri Qi's

SCA's exist only when all Q's
have same chirality Pe 1 52 2

R symmetry group is Spla

relevant cases n l 4 2

I
R sym is Spli sus

Ta Qi 01 2 IQ
Ta Si 4 2

o Sj
Ta Q 01 2 IQ
Ta Si 01 2 is

Qin Qin PPC as Ei

Six Sjs P C a Ci is faut



Qis Sir SI M P.IT 2CRdaD

8Cil Tara 2 ij P C a
n

replace Ta Gak by Tab 4 f T.it
recall vector splat spinor soca


